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Accretion of rotating fluids onto stationary solutions
Mustapha Azreg-Aı¨nou1
1Bas¸kent University, Engineering Faculty, Bag˘lıca Campus, Ankara, Turkey
We consider a general stationary solution and derive the general laws for accretion of rotating
perfect fluids. For non-degenerate and degenerate Fermi and Bose fluids we derive new effects that
mimic the center-of-mass-energy effect of two colliding particle in the vicinity of horizons. Non-
degenerate fluids see their chemical potential grow arbitrarily and ultra-relativistic Fermi fluids see
their specific enthalpy and Fermi momentum grow arbitrarily too while the latter vanishes gradually
for non-relativistic Fermi fluids. For degenerate Bose fluids two scenarios remain possible as the
fluid approaches a horizon: a) The Bose-Einstein condensation ceases or b) the temperature drops
gradually down to zero. The critical flow is also investigated.
I. WHAT IS ACCRETION?
Given a metric solution of spacetime, a geodesic mo-
tion is the process by which a massive or massless test
particle “falls” freely. The fall motion may be bounded
(circular motion or else) or unbounded (scattering mo-
tion). The free fall of the test particle does not disturb,
affect, or modify the given geometry: No back reaction
effects are taken into consideration. Moreover, no group
motion is treated in geodesic motion. Back reaction ef-
fects are present in the calculation of gravitational self
forces where the motion of the “small” body is still seen
as geodesic in the perturbed metric.
Accretion is an advanced state of motion. It describes
group motion with and without back reaction and it is
generally non-geodesic. By group motion it is meant
that the accreting matter is modeled by a fluid and that
each fluid element encompasses a) a sufficiently large
number of particles to be described statistically by an
average pressure, average temperature, average particle
number density, and average energy density; b) a suffi-
ciently small number of particles compared to the whole
system (accreting matter, atmosphere, etc). These con-
ditions are easily met in astrophysics and atmospheric
motion. The presence of a gradient of pressure, which
is a sort of fluid group self force, renders the accretion
motion non-geodesic.
In accretionmotion back reaction effects are taken into
consideration in numerical and simulation analyses [1–
3]. Full analytical treatments [4–8] drop back reaction ef-
fects for simplicity and cognitive treatments [9–15] may
include emission effects and neglect back reaction too.
All the above-mentioned treatments make common
simplificative physical assumptions of symmetry con-
cerning both the given background geometry and the
fluid. They assume the background metric to remain
stationary and time-independent during accretion [16].
The analysis remains valid for accretion time, larger
than free-fall time, and much smaller than the ratio
mass/(mass rate change) of the star.
In this work we will keep using the standard set of
simplificative assumptions to describe the accretion of
rotating perfect fluids onto rotating black holes with no
back reaction or emission effects. In Sec. II we present
the accretion model and in sec. III we derive the general
equations for accretion of a perfect fluid onto a station-
ary rotating black hole. We keep using a general sta-
tionary metric throughout the paper. In Sec. IV we in-
vestigate the end-behavior of accretion as the fluid ap-
proaches horizons and other end-points. Sec. V is de-
voted to important applications concerning the accre-
tion of non-degenerate as well as degenerate Fermi and
Bose fluids. In Sec. VI we derive the conditions of a
critical flow and the corresponding critical points. An
appendix section has been added to complete the dis-
cussion of, and to derive some equations pertaining to,
Sec. IV. We conclude in Sec. VII.
II. MODEL FOR ANALYTICAL ACCRETION
Consider a stationary rotating generic metric of the
form
ds2 = gttdt
2+ 2gtφdtdφ+ gφφdφ
2+ grrdr
2+ gθθdθ
2, (1)
admitting two Killing vectors, one is timelike ξ
µ
t =
(1, 0, 0, 0) and the other is spacelike ξ
µ
φ = (0, 0, 0, 1).
The metric components gµν are functions of the radial
and polar coordinates (r, θ) and gtφ vanishes identically
if rotation is suppressed. We do not assume any specific
asymptotic end-behavior (asymptotic flatness, de Sitter,
or anti-de Sitter behavior), for the analysis we intend to
give in this work applies whatever the end-behavior of
the black hole is.
The metric may have an event horizon, a cosmologi-
cal horizon, and possibly other horizons all denoted by
rh. In any case we will be concerned with the regions of
the three-space where the Killing vector ξ
µ
t is timelike.
These are the regions accessible to the fluid flow and to
observers.
We choose the signature (−, +, +, +) for (1). In all
our mathematical expressions we will keep using abso-
lute values so that the formulas remain valid if the sig-
nature (+, −, −, −) is adopted.
2A. Zero-angular-momentum observers
Setting
ω(r, θ) ≡ −gtφ/gφφ > 0, D(r, θ) ≡ g2tφ− gttgφφ ≥ 0, (2)
we bring the metric (1) to the following useful form
ds2 =
D
−gφφ dt
2+ gφφ(dφ−ωdt)2+ grrdr2+ gθθdθ2. (3)
One can always make it such that ω > 0 (for instance,
by changing the positive direction of the z axis, which
coincides with the axis of symmetry). However, the in-
equalities in (2) are supposed to hold in the regions of
the three-space where the Killing vector ξ
µ
t is timelike.
It is straightforward to show that ω is the an-
gular velocity of the zero-angular-momentum ob-
servers (ZAMOs) [17]. We choose a reference frame
(et, er, eθ , eφ) dual to the 1-forms defined in (3): ω
t ≡
−
√
D/|gφφ|dt, ωr ≡
√|grr|dr, ωθ ≡ √|gθθ|dθ, ωφ ≡√
|gφφ|(dφ−ωdt). The frame (et, er, eθ , eφ) is given by
e
µ
t =
√
|gφφ|
D
(1, 0, 0, ω), e
µ
r =
√
1
|grr| (0, 1, 0, 0),
e
µ
θ =
√
1
|gθθ|
(0, 0, 1, 0), e
µ
φ =
√
1
|gφφ| (0, 0, 0, 1). (4)
Consider a ZAMO with four-velocity u¯µ = e
µ
t (4).
Relative to the u¯µ frame, the four-velocity vector of the
fluid,
uµ =
( dt
dτ
,
dr
dτ
,
dθ
dτ
,
dφ
dτ
)
= (ut, ur, uθ , uφ), (5)
with τ being the proper time, expands as
uµ = γ(e
µ
t + ve
µ
r + uˆe
µ
θ + ue
µ
φ), (6)
where we have set
V2 ≡ v2 + uˆ2 + u2 and γ ≡ 1√
1−V2 . (7)
On comparing (5) and (6) and using (4) it is easy to estab-
lish that (v, uˆ, u) are the three-dimensional linear com-
ponents of the three-velocity of the fluid relative to the
u¯µ reference frame and V is the (relative) three-speed.
The components (v, uˆ, u) along with ut are given by
v =
√
grrgφφ
D
dr
dt
, uˆ =
√
gθθgφφ
D
dθ
dt
, u =
|gφφ|√
D
(Ω−ω),
ut = γ
√
|gφφ|
D
, (8)
where Ω ≡ dφ/dt is the differential angular velocity of
the fluid.
B. The stress-energy tensor
From now on, we consider an accreting perfect fluid
containing a single particle species.
In arbitrary coordinates, we consider a general ob-
server (not necessarily co-moving with the fluid) with
four-velocity Uµ. We reserve the notation with large
characters to physical and geometrical entities mea-
sured by, or pertaining to, this observer. Such a general
observer can decompose the stress-energy tensor (SET)
of the fluid in the form
Tµν = (E+ P)UµUν + Pgµν + Πµν, (9)
where E = UµUνTµν is the relativistic energy density
as measured by the observer with four-velocityUµ, Πµν
is the traceless anisotropic pressure tensor satisfying
UµUνΠµν = 0, and P = −(gµν −UµUν)Tµν/3 is the av-
erage relativistic isotropic pressure as measured by this
observer. In the rest frame of the perfect fluid we as-
sume the latter to be isotropic; that is, the observer co-
moving with the fluid (Uµ = uµ) measures a vanishing
anisotropic pressure tensor πµν ≡ 0 and decomposes
the SET of the fluid as
Tµν = (ǫ+ p)uµuν + pgµν, (10)
where ǫ and p are the energy density and pressure in the
rest frame of the perfect fluid.
The assumption of being isotropic holds in the uµ
frame only. It is easy to show that in the u¯µ frame the
transverse pressure of the fluid is not isotropic and splits
into two components pθ 6= pφ defined as eµθ eνθTµν and
e
µ
φe
ν
φTµν, respectively. In the latter frame, the SET splits
as
Tµν = (ǫ¯+ p¯)u¯µu¯ν + p¯gµν + π¯µν,
which results in
ǫ¯ = γ2(ǫ+V2p), p¯ = p+
V2γ2(ǫ+ p)
3
,
and, for instance,
e
µ
r e
ν
r π¯µν =
(
v2 − V
2
3
)
γ2(ǫ+ p),
e
µ
θ e
ν
θ π¯µν =
(
uˆ2 − V
2
3
)
γ2(ǫ+ p),
e
µ
φe
ν
φπ¯µν =
(
u2 − V
2
3
)
γ2(ǫ+ p).
It is clear from these relations and u¯µu¯νπ¯µν = 0 that
π¯µµ = 0.
C. Assumptions and choice of a ZAMO
It is usually assumed that the accreting matter moves
within a narrow planar disk that one chooses to be the
3θ = π/2 plane [18]. The rotation concentrates the
streamlines in the equatorial plane [19] so that the thick-
ness of the disk is assumed to be much smaller than its
extent in the θ = π/2 plane, in that, we neglect any vari-
ation with respect to θ:
∂θF|θ=π/2 = 0, (11)
where F represents some physical or geometrical entity.
The disk is supposed to surround the black hoke in such
a way that one generally drops any dependence on the
azimuthal angle φ.
To perform analytical treatment of accretion, it is also
commonly assumed that the fluid is in a steady state for
most of the accretion time. Thus, the four-velocity vec-
tor and the thermodynamic properties of the fluid and
related physical entities are considered to be indepen-
dent of time.
These last two paragraphs ensure that the fluid mo-
tion is endowed with the same symmetry properties of
the spacetime.
If the metric (1) describes a black hole, it has a number
of horizons all denoted by rh where (in the θ = π/2
plane, rh is a constant)
1/grr(rh, θ) = 0 and 0 < |g(rh, θ)| < ∞, (12)
that is, the metric is regular at r = rh. Since the ab-
solute value of the determinant |g| is given by |g| =
grrgθθD (3), Dmust go to zero as 1/grr in the limit r → rh
to ensure that |g| remains regular there
D(rh, θ) ≡ Dh = 0, (13)
where we have introduced the notation F(rh) ≡ Fh with
F being some physical or geometrical entity.
The metric (1) may admit a static limit, which is the 2-
surface on which the timelike Killing vector ξ
µ
t becomes
null, corresponding to
gtt(rstatic, θ) = 0. (14)
Observers can remain static only for gtt < 0.
1 Whether
such a static limit exists or not, a convenient reference
frame for describing the fluid flow in the regions of the
three-space where the Killing vector ξ
µ
t is timelike is a
ZAMO O◦ with four-velocity u¯µ = eµt (4) located at a
constant radius r = const and a constant angle θ = π/2,
as is always the case in accretion problem [16, p. 114].
Relative to this stationary observer O◦, uˆ ≡ 0 and (v, u)
are given by (8) where the rhs’s are evaluated at θ =
π/2.
1 This is the case if the signature of the metric (1) is (−, +, +, +); for
a (+, −, −, −) signature the statement reads gtt > 0.
III. GENERAL EQUATIONS FOR ACCRETION OF
ROTATING FLUIDS
We define the current density by Jµ = nuµ where n
is the particle density, precisely the baryon number den-
sity in the fluid rest frame (recall that we consider an ac-
creting perfect fluid containing a single particle species).
From the particle conservation law, we have that the di-
vergence of the current density is conserved
∇µ(nuµ) = 1√|g|∂µ
(√|g|nuµ) = 0, (15)
where ∇µ is the covariant derivative. In the θ = π/2
plane, this reduces using (11) to ∂r(
√|g|nur) = 0 or,
upon integrating, to(√
grrgθθD
)∣∣
θ=π/2
nur = C1, (16)
where we have used |g| = grrgθθD. It is understood that
(n, ur) are evaluated at θ = π/2. Here C1 is a numerical
constant of integration.
Reversing (8) (or, equivalently, using the normaliza-
tion condition uµuµ = 1), we obtain
(ut)2 =
|gφφ|
D(1−V2) , (u
r)2 =
v2
|grr|(1−V2) . (17)
A theorem of relativistic hydrodynamics [20] states
that the scalar huµξ
µ is conserved along the trajectories
of the fluid,
uν∇ν(huµξµ) = 0, (18)
where ξµ is a Killing vector of spacetime (in the case of
the metric (1), ξµ = ξ
µ
t or ξ
µ = ξ
µ
φ) and h is the specific
enthalpy (enthalpy per particle) defined by
h =
ǫ+ p
n
. (19)
This theorem stems from the fact that the fluid motion
is endowed with the same symmetry properties of the
spacetime (see assumptions made in the first two para-
graphs of Sec. II C). Consider the timelike Killing vector
ξ
µ
t of the metric (1), Eq. (18) yields ∂r(hut) = 0 (where
we have used (11) and uθ = 0 on the θ = π/2 plane).
With ut = gttut + gtφuφ = (gtt + Ωgtφ)ut, this finally
yields
h(gtt + Ωgtφ)u
t = C2, (20)
where C2 is a numerical constant of integration. On con-
sidering the spacelike Killing vector ξ
µ
φ, we obtain
h(Ω−ω)gφφut = C3, (21)
where C3 is a numerical constant of integration. In
Eqs. (20) and (21) it is understood that all the physical
and geometrical entities are evaluated at θ = π/2.
4The meaning of the constants (C2, C3) is as follows.
If accretion were a geodesic motion, we would have
h = m, where m is the baryonic mass, and (C2, C3)
would reduce to (muµξ
µ
t , muµξ
µ
φ) that are the usual en-
ergy and angularmomentum conservation laws, respec-
tively. The constants (huµξ
µ
t , huµξ
µ
φ) are their general-
izations to the case where the fluid is subject to acceler-
ation, which takes place when the pressure throughout
the fluid is not uniform.
Since the transverse three-velocity is subject to u2 <
1 (8), this restricts the values of Ω by
Ω− < Ω < Ω+,
Ω± ≡ ω±
√
ω2 − gttgφφ = ω ±
√
D
|gφφ| . (22)
It is easy to show that Ω− is greater than −gtt/gtφ en-
suring C2 < 0 (20) for all
2 r. It is also easy to show
that Ω− < 0, Ω+ > 2ω > 0 outside the ergoregion,
Ω− = 0, Ω+ = 2ω on the boundary of the ergoregion,
and Ω− > 0, ω < Ω+ < 2ω inside the ergoregion.
Since Dh = 0, we have Ω−(rh) = Ω+(rh) = ω(rh).
On combining (20) and (21) we obtain, setting C4 ≡
C3/C2,
Ω(r) =
ω + C4
gtt
gφφ
1+ C4ω
. (23)
The value C4 = 0 yields Ω = ω corresponding to the
case where the fluid is only being dragged by the ro-
tating solution. This results in u ≡ 0 (8). We see that
the fluid flow is characterized by three angular veloci-
ties: the one equals the angular velocity of the ZAMO’s,
ω(r), corresponding to C4 = 0 and the other two are
Ω−(r) and Ω+(r) corresponding to the maximum value
and minimum value of C4 if r 6= rh, respectively. Note
that the derivative of the rhs in (23) with respect to C4,
−D/[g2φφ(1 + C4ω)2], is negative for r 6= rh and van-
ishes for r = rh. The three angular velocities are equal
on the horizons.
If the solution is static (nonrotating with ω ≡ 0), it is
apparent from (23) that the angular velocity of the fluid
elements is function of the ratio gtt/gφφ
Ωstat(r) = C4
gtt
gφφ
. (24)
2 The sign of C2 is related to the metric signature (−, +, +, +). Had
we chosen the signature (+, −, −, −) for (1) we would have C2 > 0.
What counts is that C2 6= 0.
On inserting (17) into (16), (20) and (21) we obtain
(a)
|gθθ|Dn2v2
(1−V2) = C
2
1 ,
(b)
h2(gtt + Ωgtφ)2|gφφ|
D(1−V2) =
−h2(gtt + Ωgtφ)2
(gtt +ωgtφ)(1−V2) = C
2
2 ,
(c)
h2(Ω−ω)2|gφφ|3
D(1−V2) =
h2u2|gφφ|
1−V2 = C
2
3 , (25)
where we have used another expression for D =
−|gφφ|(gtt + ωgtφ) and (8). Notice that the case C1 = 0
corresponds either to v ≡ 0 (circular flow) or to n ≡ 0
(no fluid). We drop this case from our analysis and focus
on the case C21 > 0.
IV. END-BEHAVIOR FLOW
In this section we consider the fluid flow in the vicin-
ity of the horizons and the flow as the fluid extends to
spatial infinity.
A. Flow in the vicinity of the horizons
In equations (20) and (21), ut is given by (17) and it
diverges by (13) as the fluid approaches a horizon. One
of the factors in each of Eq. (20) and Eq. (21) has to go
to zero to keep the value of the lhs constant. For ordi-
nary matter, h has a lower limit m, the only option is to
have in (20) Ω(rh) = −gtt(rh)/gtφ(rh), which is by (2)
and (13)
Ωh = −
gtφ(rh)
gφφ(rh)
= ωh. (26)
This is the same equation derived from (21). This results
in uh = 0 (8) and by (7) in
V2h = v
2
h. (27)
The fluid is doomed to rotate at ZAMO’s angular veloc-
ity as it approaches a horizon. Particularly, if the black
hole is static, the fluid reaches a horizon with a vanish-
ing angular velocity.
Based on our previous conclusions, Dh = 0 and Ωh =
ωh, it is easy to show that the fluid reaches, or emanates
from, a horizon with a three-dimensional radial velocity
|vh| = 0 (subsonic velocity on the horizons) or |vh| = 1
(luminal velocity on the horizons) [15]. In fact, since
Dh = 0 and V
2
h = v
2
h, equation (25-a) would imply
C1 = 0 if 0 < vh < 1, which is the case we dropped from
our analysis and we only considered the case C1 > 0. In
the former case, |vh| = 0, the particle density nh → ∞.
Note that this conclusion, |vh| = 0 or |vh| = 1, is solely
based on the continuity equation (15) and the assump-
tions made in the first two paragraphs of Sec. II C. This
5conclusion applies to non-perfect fluids too providedwe
adopt the so-called Eckart frame or particle frame for
defining the four-velocity vector of the fluid [20, 21]. In
this frame, Jµ and uµ are parallel and (15) is still valid.
The case |vh| = 1 is physically more interesting.
The case |vh| = 0 has been discussed in the literature
too [7, 13–15, 22, 23]. In Ref. [7] the cases with subsonic
velocities at the horizon [22, 23] were described as un-
physical and in Refs. [13–15] it has been shown that if
vh → 0 then the pressure increasingly diverges as the
fluid approaches a horizon yielding a divergent gradi-
ent of pressure opposing the flow motion and pushing
the fluid backward. There are no available empirical
data to support such a conclusion nor are there data to
refute it. In this work we too drop this case from our
analysis and focus only on the case |vh| = 1.
Now back to Eqs. (25-a) and (25-c). In the limit r → rh ,
we have respectively
n2 =
C21(1− v2 − u2)
|gθθ|Dv2
∝
(r→rh)
1− v2 − u2
D
, (28)
h2 =
C23(1− v2 − u2)
|gφφ|u2 ∝(r→rh)
1− v2 − u2
u2
, (29)
For most known nonextremal black holes D ∼ |r − rh|
as r → rh. To include in the investigation other types of
black holes, including phantom [24–26] and regular [27–
29] black holes, we consider the case
D ≃
(r→rh)
CD|r− rh|x (x > 0), (30)
where x is a measure of the horizon degeneracy. It is un-
derstood that r approaches rh from within the region of
the three-spacewhere the Killing vector ξ
µ
t = (1, 0, 0, 0)
is timelike.
In the vicinity of a horizon we set
1− v2 ≃ Cv|r− rh|y, u2 ≃ C2u|r− rh|z,
with z ≥ y to ensure that h2 > 0 (29); if z = y we further
restrict Cv and Cu by Cv/C
2
u > 1 to have h
2 > 0. This
yields
v ≃
(r→rh)
1− Cv |r−rh|
y
2 , u ≃
(r→rh)
Cu|r− rh|z/2,
n ≃
(r→rh)
Cn|r− rh |(y−x)/2, (31)
h ≃
(r→rh)
{
Ch|r− rh|(y−z)/2, z > y;
Ch, z = y and Cv/C
2
u > 1,
where Cv > 0, Cu > 0, Cn > 0, and Ch > 0 are finite con-
stant values (Ch = hh if z = y and Cv/C
2
u > 1). The third
line in (31), corresponding to z > y, has been derived by
first rewriting (29) as
h2 ∝
(r→rh)
1− v2
u2
− 1.
For z > y, the first term diverges in the limit r → rh, so
we can drop 1 and have h ∝
(r→rh)
√
1− v2/u yielding the
third line in (31).
Using the law of motion [20, 37]
nhaµ = −(gµν + uµuν)∇νp, (32)
where aν ≡ uµ∇µuν is the four-acceleration vector, we
arrive at (see Appendix)
∂r p ∼
(r→rh)
|r− rh|y−1−(x+z)/2. (33)
Two physical cases emerge depending on the value of
y − 1 − (x + z)/2. For a reason that will become clear
in Sec. V, we impose the “physical” constraint that the
pressure has no logarithmic divergence as the fluid ap-
proaches a horizon
y− 1− (x+z)2 ≷ −1
(
y− (x+z)2 ≷ 0
)
, (34)
where the upper sign yields a finite pressure and the
lower sign a divergent pressure as r → rh. In both cases
the pressure behaves generically as
p ≃
(r→rh)
ph + Cp|r− rh|y−(x+z)/2, (35)
where Cp and ph are constants. By a generic behav-
ior we mean that the constraints (34) do not depend
on the metric value on the horizons; they just depend
on the parameters (x, y, z). In a non-generic behav-
ior it would be possible, as shown in the last para-
graph of the Appendix, to fix Cp = 0 by imposing
constraints relating (x, y, z) to the metric value on the
horizons. In that case the pressure would behave as
p ≃
(r→rh)
ph + C¯p|r − rh|1+y−(x+z)/2 where C¯p is a con-
stant, provided y− (x+ z)/2 6= −1. To keep the discus-
sion as generic as possible we drop this case from our
consideration.
Two physical cases emerge from the above discussion:
1. Finite pressure in the vicinity of the horizons. This
case with the upper sign in (34) yields, using the
fact that z ≥ y,
y− x > z− y ≥ 0. (36)
This implies that n → 0 (31) as r → rh. We distin-
guish two subcases:
(a) Non-geodesic flow in the vicinity of the hori-
zons - This corresponds to
0 ≥ y− 1− (x+z)2 > −1. (37)
Since in this case the pressure gradient (33)
is nonzero, the flow is non-geodesic in the
vicinity of the horizons.
6(b) Geodesic flow in the vicinity of the horizons -
This corresponds to
y− 1− (x+z)2 > 0. (38)
In this case ∂r p → 0 as r → rh resulting in a
geodesic flow in the vicinity of the horizons.
Note that the pressure (35) falls to a constant
value, as r → rh, in a way faster than in the
previous subcase.
2. Divergent pressure in the vicinity of the horizons.
This case with the lower sign in (34) yields
y− x < z− y. (39)
This, for instance, may be satisfied if we take z > y
and x > y or z = y and x > y, in which cases the
number density n diverges as r→ rh.
B. Asymptotic Flow
If the fluid flow may extend to spatial infinity (this
concerns solutions with no cosmological horizon), the
flow is said to be global.
For stars ω ∼ 1/r3 as r → ∞. If the metric (1) is
asymptotically flat (as. flat), gtt ∼ 1 and gφφ ∼ r2 as
r → ∞, and if the flow is global, then by (23) we have
Ω ∼ 1/r2 as r → ∞. This applies to Ωstat (24) too. If
the metric (1) is asymptotically anti-de Sitter (as. adS),
gtt ∼ r2 and gφφ ∼ r2 as r → ∞, and if the fluid flow
is global, we have that Ω ∼ const and Ωstat ∼ const as
r→ ∞. Using this in (25-a) alongwith gtφ ∼ 1/r, D ∼ r2
(as. flat), D ∼ r4 (as. adS) (2), and u ∼ 1/r2 (as. flat),
u ∼ 1/r4 (as. adS) (8) as r→ ∞, we obtain
n2v2
1− v2 ∼
C21
r4
(as. flat), ∼ C
2
1
r6
(as. adS). (40)
On performing similar end-behavior evaluations on (25-
b) we arrive at
h2
1− v2 ∼ C
2
2 (as. flat), ∼
C22
r2
(as. adS). (41)
In all cases, we have
n2v2
h2
∼ 1
r4
(as r→ ∞). (42)
V. APPLICATIONS: NON-DEGENERATE AND
DEGENERATE GASES
What distinguishes a black hole from a star is the
presence of horizons in the vicinity of which interesting
physical phenomena may occur due to strong gravita-
tional attraction. It is worth mentioning that the Hawk-
ing radiation occurs there. Another well instance and
established fact concerns the efficiency of emission due
to accreting matter onto a black hole that is few orders
smaller than that due to accreting matter onto a neutron
star [31]. These two instances show that the investiga-
tion of physical phenomena in the vicinity of horizons is
of great importance.
In this section we focus more on accretion, as well as
particle jets, in the vicinity of horizons. We will show
that the accretion model we have developed in the pre-
vious sections applies to a variety of non-degenerate
and degenerate gases. The applications mostly concern
ultra- and non-relativistic flows (at least in the vicinity
of the horizons) where the ansatz (31)1 holds
3.
The statistics of non-degenerate and degenerate gases
result in different one-particle distribution functions [20,
30, 31]. Non-degenerate gases obeyMaxwell-Boltzmann
statistics and degenerate gases obey either Fermi-Dirac
statistics, if they have half-integral spin, or Bose-Einstein
statistics, if they have integral spin.
We are not interested in the equilibrium distribution
function corresponding to each of the three cases men-
tioned above; rather, we are concerned with the expres-
sions of the fields in equilibrium, which are the number
and energy densities (n, ǫ), enthalpy h and entropy s per
particle, pressure p, and chemical potential µ, and we
seek to apply them to the regions adjacent to the hori-
zons where the Killing vector ξ
µ
t = (1, 0, 0, 0) is time-
like.
Applications of equilibrium distribution functions are
well-known in the literature [32] and include applica-
tion to white dwarf stars [33]. We intend to extend their
realm to accretion onto black holes.
It is according to the limiting values of the dimension-
less parameter ζ ≡ mc2/kBT (coldness), where T is the
temperature of the fluid and kB is the Boltzmann con-
stant, that one defines the ultra-relativistic (ζ ≪ 1) and
non-relativistic (ζ ≫ 1) cases. So, the ultra-relativistic
limit corresponds generally to high temperatures and
the non-relativistic limit corresponds generally to low
temperatures. It has become customary to let the speed
of light c appear explicitly in ζ and the expressions of the
fields of this section. As to the states of non-degeneracy
(αf ≪ 1) and degeneracy (αf ≫ 1) of the fluid are de-
fined by the limiting values of the fugacity αf ≡ µ/kBT,
which is a dimensionless parameter expressing the ten-
dency of volatility [34].
A. Non-degenerate fluids: αf ≪ 1
In terms of the modified Bessel function of second
kind Kν [35], the expressions of (n, p, h, ǫ) are given by
3 By the notation (i)j we mean the j-th line in equation (i).
7(see, for instance, [20, 30, 31])
n = 4πm2ckBT
gs
h3P
K2(ζ)e
µ/kBT , p = nkBT, (43)
h = mc2
K3(ζ)
K2(ζ)
, ǫ = nh− p, (44)
where hP is the Planck constant.
1. Ultra-relativistic limit: ζ ≪ 1
The ultra-relativistic limit of h is to the leading terms
(K2 ≃ 2ζ−2, K3 ≃ 8ζ−3) given by
h ≃ 4kBT, (45)
which is large and remains finite. This corresponds to
the case z = y (31). Non-degenerate fluids are subject
to αf ≪ 1 resulting in eµ/kBT ≪ 1 and n ≪ 1 (43). The
pressure, proportional to n (43), goes to zero as n does.
This corresponds to y > x (31) and ph = 0 (35) so that
both p and n behave as |r− rh |(y−x)/2 in the limit r → rh .
Using the above expressions we obtain p ≃ ǫ/3, which
implies that ǫ → 0 as r → rh; the energy per particle,
however, does not go to zero as r → rh and it is given by
ǫ/n ≃ 3kBT.
2. Non-relativistic limit: ζ ≫ 1
In this limit we have
h ≃ mc2 + 5kBT/2, (46)
and this again yields z = y, hh = mc
2, y > x (31) and
ph = 0 (35) so that both p and n behave as |r− rh|(y−x)/2
in the limit r→ rh.
We have thus shown that ultra-relativistic, as well as
non-relativistic, non-degenerate fluids reach horizons in
a state of a very dilute matter and vanishing pressure
and energy density as measured by a local Lorentz rest
frame that moves with the fluid velocity. Equation (43)
shows that the chemical potential diverges logarithmi-
cally as r → rh. This effect mimics that of the center-
of-mass-energy (CME) of two colliding particles in the
vicinity of a horizon by which the CME attains an arbi-
trarily large value [36]. This may signal the necessity of
introducing quantum effects in the vicinity of the hori-
zons.
Recall that the chemical potential measures the
change in the internal energy (the energy in the fluid’s
rest frame) as one particle is added to the system. Since
the chemical potential becomes arbitrarily large and
negative as the fluid approaches a horizon, the addition
of one particle results in an arbitrarily large decrease in
the internal energy. Conversely the extraction of one
particle would require an increasingly large amount of
energy as the fluid approaches a horizon. Thus, the
black hole ensures cohesion and stability of the accret-
ing matter.
B. Completely degenerate Fermi fluids: αf ≫ 1
The “exact” expressions of (n, p, ǫ) for the Fermi-
Dirac fluids, as for the Bose-Einstein fluids, are available
in the literature (see, for instance, [20, 30, 31, 34]). We
content here to give only their ultra- and non-relativistic
limits.
1. Ultra-relativistic limit: pF ≫ mc
Fermi fluids are characterized by the presence of a
limiting momentum value called Fermi momentum pF
all the quantum states with |~p| < pF are filled by
fermions and the states with |~p| > pF are empty. Since
the fields do not depend (explicitly) on the temperature
the coldness parameter ζ is no longer convenient for
discussing the limiting ultra- and non-relativistic cases.
These two limits correspond to pF ≫ mc and pF ≪ mc,
respectively.
Rather, the fields (ǫ, p, h) depend only on n. To the
leading term in n, which is supposed to be large enough
to allow for series expansions in powers of 1/n, the ex-
pressions of (ǫ, p) read
p ≃ ǫ
3
, p ≃ 1
4
(3c3h3P
4πgs
)1/3
n4/3 =
πgsc
3h3P
p4F, (47)
from which we derive
h ≃
(3c3h3P
4πgs
)1/3
n1/3, h ≃ cpF. (48)
This corresponds to the case
z > y and x > y, (49)
where the pressure (39), the number density and en-
thalpy per particle (31) all attain arbitrarily large values
in the vicinity of the horizons. The Fermi momentum
p3F = 3h
3
Pn/(4πgs) also attains an arbitrarily large value.
This effect mimics the classical CME effect and may be
ruled out, as well as the CME effect, by the introduction
of quantum corrections.
From (31) and the first equation in (48) we derive
x = 3z− 2y. (50)
Since z > y, this implies x > z. Thus, as the flow of the
ultra-relativistic Fermi fluid approaches a horizon, the
parameters (y, z) adjust their values to remain smaller
than x (x > z > y) while subject to the constraint (50).
82. Non-relativistic limit: pF ≪ mc
In this limit n is supposed to be small enough to al-
low for series expansions in powers of n. To the leading
order of approximation the expression of (ǫ, p) read
ǫ ≃ nmc2+ 1
10
( 3h3P
4πm3/2gs
)2/3
n5/3 = nmc2+
2πgs
15mh3P
p5F,
p ≃ 2(ǫ− nmc
2)
3
=
4πgs
45mh3P
p5F, (51)
from which we derive
h ≃ mc2 + 1
2
( 3h3P
4πm3/2gs
)2/3
n2/3 = mc2 +
1
2m
p2F. (52)
This corresponds to the case z = y, y > x, hh = mc
2 (31),
and ph = 0 (35). We see that the non-relativistic Fermi
fluid behaves in the vicinity of the horizons as does the
non-relativistic, non-degenerate fluid behave with van-
ishing pressure and energy density. Moreover, the Fermi
momentum, p3F = 3h
3
Pn/(4πgs), attains an arbitrarily
small value.
The progressive vanishing of the Fermi momentum as
r→ rh has the following physical interpretation. All the
quantum states filled with fermions, having |~p| < pF,
form progressively a continuum of energy as r → rh ,
that is, as pF → 0. The momentum particle density4
dN/dp1dp2dp3 ∝ p−3F , with
√
∑
3
i=1(p
i)2 = |~p| and N
being the fermions number, assumes an arbitrarily large
value in the vicinity of the horizons.
C. Degenerate Bose fluids: αf ≫ 1
Here again we give only the limiting expressions of
(n, p, ǫ) for the Bose-Einstein fluids (see, for instance,
[20, 30, 31, 34] for more details).
The Bose-Einstein condensation occurs for the ultra-
and non-relativistic limits at the well-known tempera-
tures
Tcond =
hc
2kB
[ n
πgsζR(3)
]1/3
,
Tcond =
h2
2πmkB
[ n
gsζR(3/2)
]2/3
, (53)
respectively. Here ζR(i) = ∑
∞
j=1 j
−i is the Riemann zeta
function. Condensation means that some fraction ncond
of n occupies the level with zero energy. This fraction
4 In contrast with the volume particle density n = dN/dx1dx2dx3 ∝
p3F with
√
∑
3
i=1(x
i)2 = r.
is almost zero for T > Tcond (ncond ≪ n) and becomes
important for T < Tcond according to the laws
ncond
n
= 1−
[ T
Tcond
]3
,
ncond
n
= 1−
[ T
Tcond
]3/2
, (54)
for the ultra- and non-relativistic limits, respectively.
The pressure obeys the same laws as for Fermi fluids
p ≃ ǫ
3
, p ≃ 2(ǫ− nmc
2)
3
, (55)
for the ultra- and non-relativistic limits, respectively.
We assume that initially T < Tcond.
1. Ultra-relativistic limit of the condensation: ζ ≪ 1
In this limit the pressure is proportional to the power
four of the temperature
p ≃ 8πζR(4)
( kB
hPc
)3
gskBT
4. (56)
So the pressure remains finite implying the inequal-
ities (36). By (31) n goes to zero as the Bose fluid
approaches a horizon and thus, by (53), Tcond → 0 as
r → rh. There are two possible scenarios: ‘T constant’
scenario and ‘T non-constant’ scenario.
a. T constant: Isothermal flow. Since Tcond → 0 as
r → rh, once Tcond becomes smaller than T the conden-
sation ceases, then completely disappears, as the ultra-
relativistic Bose fluid approaches a horizon.
Using (19) and (55) we see that h ≃ 4p/n = 4ph|r −
rh|−(y−x)/2/Cn where ph, defined in (35), is the rhs
of (56). So h diverges in the limit r → rh. On comparing
this expression of h with that in (31) we obtain
x = 2y− z (z > y > x). (57)
b. T non-constant. If the fluid heats during accre-
tion the condensation ceases as in the ‘T constant’ sce-
nario. If, instead, T decreases and remains smaller than
Tcond, T must go to zero too in the limit r → rh . While
the ultra-relativistic approximation does not hold in the
limit T → 0 we can still conclude that as an ultra-
relativistic Bose fluid approaches a horizon its temper-
ature gradually goes to zero if initially T < Tcond; in
the very vicinity of a horizon, as the state of the fluid
evolves from ultra- to non-relativistic, one has to use the
exact expressions of the fields, for the ultra-relativistic
approximation is no longer valid for T → 0.
From (53) we see that n does not depend on T; how-
ever, since both n and T decrease as the Bose fluid ap-
proaches a horizon, n tends to become an implicit func-
tion of T. In this case, as the fluid evolves from the ultra-
relativistic state to the non-relativistic state, h ≃ 4p/n
converges to mc2 in the limit r → rh and this yields
z = y > x.
92. Non-relativistic limit of the condensation: ζ ≫ 1
The pressure and the enthalpy are given by
p ≃ ζR(5/2)
(2πmkB
h2Pc
)3/2
gskBT
5/2, (58)
h ≃ mc2 + 5p/(2n). The two scenarios described in the
ultra-relativistic limit occur in this limit too.
In the ‘T constant’ scenario the same conclusions and
equation (57) remain valid.
In the ‘T non-constant’ scenario the non-relativistic
approximation remains valid for all T down to zero. In
this approximation and the limit T → 0, the enthalpy h
converges to mc2. This yields z = y > x.
It is now clear that a logarithmic divergence in the ex-
pression of the pressure (34) would not be supported
by any of the statistical models described above. More-
over, with the exception of the ultra-relativistic limit of
the completely degenerate Fermi fluids where the pres-
sure attains arbitrarily large values, by the results de-
rived above for the other statistical cases, the pressure
either converges to a constant value or vanishes in the
limit r→ rh.
VI. THERMODYNAMICS AND CRITICAL FLOW
All perfect fluids obey the adiabatic conservation
law [37] uµ∇µs = 0: The entropy per particle is con-
served along the fluidlines. By the assumptions made
in the first two paragraphs of Sec. II C, this results in
s = const throughout the accreting planar disk, a prop-
erty by which the fluid is said to be isentropic.
From the two thermodynamic laws [20, 37], dp =
n(dh − Tds) and dǫ = hdn + nTds (T being the tem-
perature) applied to the accreting disk with ds = 0, we
obtain the following equation
dh
h
= α2
dn
n
, (59)
where α, such that α2 ≡ dp/dǫ, is the isentropic (also
adiabatic) three-dimensional sound speed.
The critical behavior of the fluid corresponds to the
stationary values of the functions (25). There are many
ways to choose the dynamical variables [13]. Following
the latter reference, we choose (r, v, Ω) as variables for
the dynamical system. Since the constant of motion C2
has the dimension of energy, it will be more appropriate
to look for the stationary values of the function in (25-b)
which represents the energy squared of a fluid particle.
We denote it by H:
H(r, v,Ω) =
−h2(gtt + Ωgtφ)2
(gtt + ωgtφ)(1−V2) . (60)
The stationary values of H are subject to the con-
straint (25-a) and (25-c).
Let (Fr, Fv, FΩ) denote the partial derivatives of Fwith
respect to (r, v, Ω), respectively, where F is some func-
tion of (r, v, Ω) and let Fi represents any of (Fr, Fv, FΩ).
We intend to determine the critical points (CPs) which
we denote by (rc, vc, Ωc). These are the points solutions
to Hr = 0, Hv = 0, and HΩ = 0. From (25-a) and
(ln h)i = α
2(ln n)i (59) we obtain
(ln h)r = − α22
(
2uur
1−V2 + ln(|gθθ|D)r
)
,
(ln h)v = −α2 1−u2v(1−V2) , (61)
(ln h)Ω = −α2
g2φφ(Ω−ω)
D(1−V2) ,
where u is given by (8). Direct calculations reveal
HΩ = +
2h2|gφφ|(gtt + Ωgtφ) f1(r, v,Ω)
(gtt + ωgtφ)2(1−V2)2 , (62)
Hv = +
2h2(gtt + Ωgtφ)2 f2(r, v,Ω)
v(gtt +ωgtφ)2(1−V2)2 , (63)
where
f1 = [(1− α2)Ω− (v2 − α2)ω]gtt
+ [α2Ω2 − (1+ α2)Ωω+ v2ω2]gφφ,
f2 = (v
2 − α2)gtt − (α2Ω2 − 2α2Ωω + v2ω2)gφφ.
In the discussion following Eq. (22) we have shown that
gtt + Ωgtφ > 0 and hence the equations HΩ = 0 and
Hv = 0 yield f1 = 0 and f2 = 0. Evaluating f1+ω f2 = 0
we obtain Ω(1− α2)D/gφφ = 0, which yields the first
critical value
Ωc = 0. (64)
This shows that if initially the fluid is not rotating
(Ωinit = 0) or if it corotates with the black hole (Ωinit >
0), there will be no critical flow, for the black hole drags
the fluid so that Ω > 0 for the the whole accretion time.
The critical flow occurs only if initially the fluid rotates
retrograde (Ωinit < 0). If the black hole is static then
the critical flow occurs if initially the fluid is not rotat-
ing [13–15].
Since Dh = 0 (13), r = rh is another solution to f1 +
ω f2 = 0 and it may provide another critical value: This
is rather an end-point and not a CP in the mathematical
sense.
Substituting this critical value Ω = Ωc into the ex-
pression of f1 = 0 (or f2 = 0), we obtain
v2c =
gtt c
gtt c − gφφ cω2c
α2 = − gtt cgφφ c
Dc
α2 < α2, (65)
where gtt c = gtt(rc), gφφ c = gφφ(rc), ωc = ω(rc), and
Dc = D(rc). We see that at the CP the radial three-
velocity is different from the fluid’s adiabatic sound
speed. Only in the static case, ω ≡ 0, we do have
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v2c = α
2. Thus, the conclusions and results of the static
case do not generalize to the rotating configurations.
The three-speedV2c is also different from α
2 and reduces
to it in the static limit (ω ≡ 0) only. This is evaluated
from (8) and (65) as
1 > V2c =
g2tφ c−α2gtt cgφφ c
Dc
= 1+
gtt cgφφ c
Dc
(1− α2)
= α2 +
gtφ c
Dc
(1− α2) > α2. (66)
The unconstrained expression of Hr is sizeable. How-
ever, using the already determined extreme values (64)
and (66) to eliminate (Ω, V2), this reduces after some al-
gebra to
Hr = +
h2gtt
1− α2 [(ln |gtt|)r− α
2(ln |gθθ|D)r]
∣∣∣∣
r=rc
= 0, (67)
and yields, besides (64) and (65), the third equation for
the determination of the CPs5
α2 =
(ln |gtt|)r
∣∣
r=rc
(ln |gθθ|D)r
∣∣
r=rc
. (68)
This equation generalizes Eq. (13) of Ref. [15] to the case
of rotating solutions and rotating fluids.
Equations (65) and (68) cannot be handled further un-
less a stationary metric and an equation-of-state for the
fluid are prescribed. This generally leads to a numerical
analysis [13–15] to solve the non-linear system of equa-
tions (65) and (68) for the unknowns rc and vc. We post-
pone this task to a subsequent work.
VII. CONCLUSION
The accretion of non-degenerate and degenerate
Fermi and Bose fluids have beenmodeled by the flow of
a perfect fluid sharing with the stationary background
metric the same symmetric properties. Conservation
laws impose restrictions on the fluid flow at the end-
points of the accessible region(s) to the fluid flow.
We have shown that the sort of “critical exponents”
(x, y, z) determine the behavior of the thermodynamic
fields of the fluid as it approaches a horizon fromwithin
the region of the three-space where the Killing vector
ξ
µ
t = (1, 0, 0, 0) is timelike. This behavior is character-
ized by the presence of divergencies in the expressions
of some fields alongwith the nullity of some other fields.
With the exception of the ultra-relativistic limit of the
completely degenerate Fermi fluids, the presence of a
power-law divergence in the expression of the pres-
sure (39) seems not consistent with the other statistical
5 The global plus sings in the rhs’s of (62), (63), and (67) would have
been reversed had we chosen the signature (+, −, −, −) for (1).
models where the pressure either converges to a con-
stant value or vanishes in the limit r→ rh.
Critical flow in this model occurs for stationary black
holes if initially the fluid rotates retrograde and for static
black holes if initially the fluid is not rotating. At the
critical point(s) the sound speed is larger than the ra-
dial three-velocity and smaller that the three-speed of
the fluid element there.
The results apply to jets of particles too.
We have not assumed any theory of relativity, that is,
we have just considered a general stationarymetric with
two Killing vectors. Hence the results apply to all black
holes of all theories of gravitation, provided their met-
rics are endowedwith the same properties of the general
stationary metric we considered in this work.
Appendix: Pressure gradient in the vicinity of the horizons
The purpose of this appendix section is to derive
Eq (33) giving the pressure gradient as the fluid ap-
proaches a horizon. First, we reverse Eqs. (8) to express
uµ (6) in terms of (v, u) and the metric components
ut = γ
√
|gφφ|
D
, ur =
γv√|grr| ,
uφ =
γu√
|gφφ|
+
γ
√
|gφφ|√
D
ω, (A.1)
where we have omitted to write uθ = γuˆ/
√|gθθ|, which
is identically zero in the θ = π/2 plane. Using (30)
and (31) we arrive at the following behaviors in the
vicinity of the horizons
γ√
D
≃ |r− rh|
− x+y2√
CvCD
, γu ≃ Cu|r− rh|
z−y
2√
Cv
. (A.2)
This shows that we can drop the first term in the ex-
pression of uφ. Using the fact that D and 1/grr have
the same behavior in the limit r → rh (13) to yield
|grr| ≃ Cg|r− rh|−x, we obtain
ut ≃ 1√
CvCD
√
|gφφ| |r− rh |−
x+y
2 , ur ≃ 1√
CvCg
|r− rh |
x−y
2
uφ ≃ 1√
CvCD
√
|gφφ| ω|r− rh|−
x+y
2 . (A.3)
In Eqs. (A.1) and (A.2) we have assumed that z > y; if
z = y we just replace Cv by Cv − C2u.
To obtain (33) one may either evaluate ar = ur∇rur or
aφ = ur∇ruφ = ur∂ruφ + Γφrσuruσ. (A.4)
with gφφ = −gtt/D, gtφ = gtφ/D, uφ ≃ ωut (A.2), and
Γ
φ
rσu
σ = 12 (g
φφ∂rgφφ + g
tφ∂rgtφ)u
φ
+ 12 (g
φφ∂rgtφ + g
tφ∂rgtt)u
t, (A.5)
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we obtain
Γ
φ
rσu
ruσ ≃ ∂r(gtφD)
2Dgφφ
urut, (A.6)
ur∂ru
φ ≃ urut∂rω + ωur∂rut. (A.7)
To the leading order of approximation we drop
the term proportional to D∂rgtφ in (A.6) since
D∂rgtφ/(gtφ∂rD) ∼ |r − rh | and the term propor-
tional to ut in (A.7) since ut/∂ru
t ∼ |r− rh|. The law of
motion (32) yields (gφr ≡ 0)
∇rP ≃
(
gφφ
2 ∂r ln(D)− ∂r ln(ut)
)
nh. (A.8)
With ∂r ln(D) ≃ x|r − rh|−1 (30), ∂r ln(ut) ≃ −(x +
y)|r − rh|−1/2 (A.3) [since ∂r ln |gφφ| goes to a constant
as r → rh], and nh ∼ |r− rh|y−(x+z)/2 (31) we obtain
∂r p ∼
(r→rh)
|r− rh|y−1−(x+z)/2,
which is Eq. (33).
Note that if the constraint gφφ(rh)x+ x + y = 0 were
imposed, the coefficient of |r − rh |−1 inside the paren-
thesis in (A.8) would vanish and the gradient in the
pressure and the pressure would behave as
∂rp ∼
(r→rh)
|r− rh |y−(x+z)/2
and
p ≃
(r→rh)
ph + C¯p|r− rh |1+y−(x+z)/2
where C¯p is a constant, provided y − (x + z)/2 6= −1.
The constraint gφφ(rh)x + x + y = 0 is, however, not
generic, for it relates the parameters x and y to themetric
value on the horizons. To keep the discussion as generic
as possible we have dropped this case from our consid-
eration.
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